Lecture 4: Solutions of Linear Algebraic Equations
A system of n linear algebraic equations in n unknowns (X, Xz, ..., Xn) 1S represented by:

Xy + apXot ...t ainXa= by
X1 + apXot ...t anXn = b

aniX1 + amXot ...t 8 X = bn

where a’sand b’s are constants. In matrix notation [A] [X] = [B], where [A] is the matrix
of coefficients (a;;’s), and [X] and [B] are column vectors x; and by; respectively.

Graphical method or Cramer’s rule can be used to solve equations of up to 3 unknowns.
Beyond n=3, the utility of both these methods is limited due to complexity of graphs and
increase in computational load. Other techniques are more suitable for solving those
equations.

Gauss Elimination M ethods

Nai ve Gauss Elimination: In naive Gauss elimination methods, an expression for x; is
obtained from the first equation in terms of constants ay;’s, X'S (j is not equal to i) and b;.
This is substituted in the rest of the equations to eliminate x; and obtain n-1 equations in
n-1 unknowns (g, ...., Xn). This process is repeated and unknowns Xp, Xs, ... €liminated
successively to obtain 1 equation in X,, yielding the value of root for x,. This is back-
substituted in previous equation to obtain the value of X,.1, and so on. The method is
called naive elimination, asit is possible to have a division by zero in the elimination or
back-substitution steps. The computational load increases significantly as the number of
eguations increases.

Gauss-Jordan Elimination: Gauss-Jordan elimination involves elimination of unknowns
from al but 1 equation. The variable x; is eliminated from all the equations except for the
first, xo from all except the second, etc., such that ultimately n distinct equations, each in
1 unknown, are obtained. Further, the coefficient of the unknown is scaled to 1 during the
elimination steps, so that the modified vector column [B] contains the solution to the
problem. Gauss-Jordan elimination requires 50% more computations than the naive
Gauss elimination.

Gauss-Seidd Iterative Method
The system of n equationsisrearranged in the form:

X1 = [br-(a1oXot ...+ ainXn)]/an
Xo = [ ~(@1X1+ @gsXat ...+ @onXn)] /a2

Xn = [bn-(@nXat ...+ 8nn1Xn-1)] /@nn



The iterative procedure starts with the initial estimates of x;, which are then used in above
equations to obtain the modified estimates until a solution is reached. In Gauss-Seidel
iteration, the modified values the variables are used immediately in subsequent equations.
In Jacobi variation of the iterative methods, the modified values are replaced as a set.

Solution using Softwar e Packages

Matrix operation functions in Excel can be used to solve a system of linear equations.
Mathematically, the problem is represented as:

[A] [X] =[B]

If [A] ™ isthe inverse of the matrix [A], then

[AT*[A][X] = [A][B]

Since [A][A] =[1], identity matrix,

[X] = [A]"[B]

So the solution consists of two steps. 1) finding the inverse using matrix inverse function,
and 2) matrix multiplication of the inverse and [B] to obtain the solution. Other programs
(MATLAB, Mathematica, Polymath, etc.) also have built-in functions and subroutines

that use similar technique to solve these problems.

Setting up the appropriate equations (deriving the mathematical model of the system) is
the most critical step in obtaining solution to the problem.



